Abstract. Every holomorphic effective parabolic or reductive geometry on a domain over a Stein manifold extends uniquely to the envelope of holomorphy of the domain. This result completes the open problems of my paper [15]. We use this result to classify the Hopf manifolds which admit holomorphic reductive geometries, and to classify the Hopf manifolds which admit holomorphic parabolic geometries. Every Hopf manifold which admits a holomorphic parabolic geometry with a given model admits a flat one. We classify flat holomorphic parabolic geometries on Hopf manifolds.
Statement of the theorems
In this paper, we show that holomorphic parabolic geometries obey the Hartogs extension phenomenon, which constrains the possible singularities they can have, and completes the open problems of my paper [15] . We also provide new examples of holomorphic parabolic geometries on compact complex manifolds. For many types of parabolic geometry, there were previously no torsion-free examples known on compact complex manifolds other than the model. Theorem 1.1. Every holomorphic effective reductive geometry with connected model on a domain over a Stein manifold extends uniquely to the envelope of holomorphy of the domain. Theorem 1.2. Every holomorphic effective parabolic geometry on a domain over a Stein manifold extends uniquely to the envelope of holomorphy of the domain.
These theorems restrict the possible singularities of holomorphic parabolic geometries. By contrast, many examples [15] of holomorphic Cartan connections defined on such domains do not extend to the envelope of holomorphy.
Application: blowing down
Proposition 2.1. A complex manifold bearing a holomorphic reductive or parabolic geometry cannot blowdown. More generally, suppose that f : X → Y is a holomorphic map of complex manifolds, and that away from some subvariety X 0 ⊂ X, f is a biholomorphism, say f | X−X0 : X −X 0 → Y −Y 0 , where Y 0 ⊂ Y is a subvariety of complex codimension 2 or more. Suppose further that f is not a biholomorphism. For example, you might imagine that X is a blowup of Y along Y 0 . Then X bears no holomorphic parabolic geometry.
Proof. Suppose for the moment that X is equipped with a holomorphic effective parabolic or reductive geometry. Then f induces such a geometry on Y − Y 0 . By our theorems above, this geometry holomorphically extends to Y . The bundle and Cartan connection of the geometry on Y pull back to X, agreeing by analyticity with the geometry already found on X. The pullback of the Cartan connection is therefore nondegenerate along X 0 . But then f is a local biholomorphism everywhere on X, and so f is a biholomorphism X → Y , a contradiction. Therefore X admits no holomorphic parabolic geometry. This is the only known obstruction to existence of a parabolic geometry on noncompact complex manifolds.
Definitions

Envelopes of holomorphy.
A complex manifold M is Stein if M admits a proper holomorphic embedding in a finite dimensional complex Euclidean space. A complex manifold M is a domain over a Stein manifold X if there is a local biholomorphism M → X. An envelope of holomorphy of a complex manifold M is a Stein manifoldM containing M as a domain so that every holomorphic function on M extends uniquely to a holomorphic function onM . Rossi [19] proved that if M is a domain over a Stein manifold, then M has a unique envelope of holomorphy up to a biholomorphism which is the identity on M .
Cartan geometries.
If E → M is a principal right H-bundle, we denote the action of any element h ∈ H as r h : E → E.
Definition 3.1. Let H ⊂ G be a closed subgroup of a Lie group, with Lie algebras h ⊂ g. Let X = G/H. A (G, X)-geometry (also known as a Cartan geometry modelled on X) on a manifold M is a choice of C ∞ principal H-bundle E → M , and smooth 1-form ω ∈ Ω 1 (E) ⊗ g called the Cartan connection, which satisifies all of the following conditions:
(1) r * h ω = Ad
h ω for all h ∈ H. (2) ω e : T e E → g is a linear isomorphism at each point e ∈ E. (3) For each A ∈ g, define a vector field A on E by the equation A ω = A.
Then the vector fields A for A ∈ h generate the H-action on E.
Sharpe [22] gives an introduction to Cartan geometries.
Example 3.2. The principal H-bundle G → X is a Cartan geometry, with the left invariant Maurer-Cartan 1-form ω = g −1 dg on G as Cartan connection; this geometry is called the model Cartan geometry.
An isomorphism of (G, X)-geometries E 0 → M 0 and E 1 → M 1 with Cartan connections ω 0 and ω 1 is an H-equivariant diffeomorphism F : E 0 → E 1 so that F * ω 1 = ω 0 .
3.3.
Effective, reductive and parabolic geometries. Suppose that G is a Lie group and H ⊂ G a closed subgroup, and X = G/H. A (G, X)-geometry is effective if G acts effectively on X, parabolic if G is a semisimple Lie group and H is a parabolic subgroup of G, and reductive if G is a linear algebraic group and H is a reductive linear algebraic subgroup.
3.4.
Curvature. The curvature bundle of a Cartan geometry E → M is the vector bundle E × H W where
The curvature of a Cartan geometry E → M with Cartan connection ω is the section of the curvature bundle determined by the function K : E → W for which
A Cartan geometry is flat if its curvature vanishes. Suppose that G is a complex Lie group and H ⊂ G a closed complex subgroup. Pick a Cartan geometry E → M , say modelled on (G, X). If the curvature of the Cartan geometry is complex linear, i.e. lies in g ⊗ C Λ 2,0 (g/h) , then the 1-form ω imposes a complex structure on E for which ω is complex linear. The 1-form ω + h is semibasic at each point of E, and is therefore pointwise the pullback of a linear isomorphism T m M → g/h. This linear isomorphism is then complex linear for a unique complex structure on M .
On the other hand, if M is already given a complex structure, we will say that a Cartan geometry is holomorphic for the given complex structure on M if the curvature is complex linear and the induced complex structure agrees with the one given on M .
3.5. Structures. A (G, X)-developing pair on a manifold M is a pair (h, δ) where δ :M → X is a local diffeomorphism from the universal covering spaceM → M , equivariant under a homomorphism h : π 1 (M ) → G. The map δ is the developing map, and the morphism h is the holonomy morphism of the developing pair. A developing pair induces a flat (G, X)-geometry with bundle E = δ * G/π 1 (M ) and connection form pulled back from the model. If G acts faithfully on X, then every flat (G, X)-geometry arises from a developing pair, unique up to replacing (h, δ) by
for some g ∈ G.
Extension phenomena
Suppose that M is a domain over a Stein manifold. Recall [15] that a holomorphic Cartan geometry E → M extends to a holomorphic Cartan geometry onM if and only if the holomorphic principal bundle E → M extends to a holomorphic principal bundle overM .
Lemma 4.1. Suppose that M is a domain over a Stein manifold. Then every holomorphic principal bundle (and every holomorphic vector bundle) on M which extends toM admits a holomorphic connection.
Proof. It is enough to assume that M =M , i.e. M is a Stein manifold. A holomorphic principal (or vector) bundle admits a holomorphic connection if and only if its Atiyah class vanishes [2] . The Atiyah class of each holomorphic principal (or vector) bundle lives in the first cohomology group of a coherent sheaf. The first cohomology group of any coherent sheaf on any Stein manifold vanishes by Henri Cartan's theorem B [6] . 
First order structures
5.1. Coframe bundles. Suppose that M is a complex manifold and that V is a complex vector space, and that dim M = dim V . Let F M be the set of all pairs (m, u) where m ∈ M and u : T m M → V is a complex linear isomorphism. We call F M the V -valued coframe bundle. Clearly F M → M is a principal right GL (V )-bundle, under the action r g (m, u) = m, g −1 u for g ∈ GL (V ) and (m, u) ∈ F M .
We will often suppress mention of V ; the reader can then assume that
Extension.
Suppose that G is a complex Lie group and that V is a complex G-module. Suppose that M is a complex manifold, dim M = dim V , and F M is the V -valued coframe bundle of M . A G-structure on M is a holomorphic principal right G-bundle B → M with a G-equivariant holomorphic bundle map B → F M . If we wish to disregard the group G, we will refer to a G-structure as a first order structure.
Theorem 5.1 (Hwang and Mok [7] , McKay [15] p. 24). Suppose that V is a finite dimensional complex vector space and G ⊂ GL (V ) is a closed reductive complex algebraic subgroup. Then every holomorphic G-structure on a domain M over a Stein manifold extends uniquely to a holomorphic G-structure on the envelope of holomorphyM of M .
The soldering form of a G-structure B → F M is the pullback of the soldering form on F M .
Quotienting the map B → F M by right G-action yields a holomorphic map M → F M/G, a holomorphic section of the holomorphic fiber bundle F M/G → M . Conversely, given any holomorphic section s : F M/G → M , note that F M → F M/G is also a holomorphic principal right G-bundle, and let B = s * F M . Then B → F M is a holomorphic G-structure. If G is a closed subgroup of GL (V ), then holomorphic G-structures are identified with holomorphic sections of F M/G → M .
Suppose that f : M 0 → M 1 is a local biholomorphism, that π : B 1 → M 1 is a holomorphic principal right G-bundle, and that h 1 :
In particular, we can describe the action of a biholomorphism on a G-structure; a symmetry of a G-structure is a biholomorphism f for which f 1 preserves the G-structure.
Theorem 5.4. Suppose that G ⊂ GL (n, C) is a closed complex Lie subgroup. Suppose that M is a domain over a Stein manifold. Suppose that E ⊂ F M is a holomorphic G-structure on M . Then the G-structure extends holomorphically to the envelope of holomorphyM if and only if the holomorphic principal bundle E → M extends to a holomorphic principal bundle onM .
Proof. Suppose thatÊ →M is a holomorphic principal extending E → M . The soldering form η is a holomorphic section of the holomorphic vector bundle T * E ⊗ G C n over M , and therefore extends to a holomorphic section of T * Ê ⊗ G C n →M by proposition 4.2 on page 4. Denote this section also as η. This section vanishes on the fibers ofÊ →M over M , so by analytic continuation must vanish on all of the fibers ofÊ →M . The set of points m ∈M above which η is not of full rank as a linear map T * eÊ → C n is a complex analytic hypersurface. Every component of every closed hypersurface inM has to intersect M by [15] p. 8 lemma 11. But above M , there is no point where η has less than full rank. Therefore this hypersurface is empty. The soldering form, being semibasic, determines a coframe at each point e ∈Ê, say u : T m M → C n so that v η e = u (π (e)v) for any vector v ∈ T e E. This choice of coframe is an extension of our map to the coframe bundle. The map is G-equvariant, so gives a G-structure.
The tangent bundle in a Cartan geometry
Lemma 6.1 (Sharpe [21] p. 188, theorem 3.15). If π : E → M is any Cartan geometry, say with model X = G/H, then the diagram
ωe ωe commutes for any points m ∈ M and e ∈ E m ; thus
Under this identification, vector fields on M are identified with H-equivariant functions E → g/h, and sections of the cotangent bundle with H-equivariant functions E → (g/h) * .
Cartan geometries and their induced first order structures
Suppose that G is a complex Lie group and that H ⊂ G is a closed complex subgroup and X = G/H. Suppose that π : E → M is a holomorphic (G, X)-geometry with Cartan connection ω. To each point e ∈ E, we can associate an isomorphism ω e : T e E → g and an isomorphism ω e + h :
where m = π(e), by lemma 6.1. Define
by f (e) = ω e + h. Let H 1 ⊂ H be the subgroup of elements of H which act trivially on g/h. Clearly f descends to an (H/H 1 )-structure f : E/H 1 → F M . Call this map f the associated first order structure of the Cartan geometry. If H/H 1 ⊂ GL (g/h) is a closed subgroup, then the associated first order structure has image a submanifold of F M , and a reduction of F M to a principal right H/H 1 -bundle.
Lemma 7.1. Suppose that G is a complex linear algebraic group and H ⊂ G is a reductive complex subgroup and that X = G/H is connected and that G acts faithfully on X. Then H acts faithfully on g/h.
Proof. Because H is reductive, g splits into a sum of H-modules, say g = h ⊕ h ⊥ . When we quotient by h, h ⊥ = g/h as H-modules, so H 1 acts trivially on h ⊥ . Therefore H 1 commutes with the subgroup G 0 ⊂ G generated by exponentiating h ⊥ . Again since h ⊥ = g/h, we see that G 0 acts on X with an open orbit, say
Since X is connected, and G acts analytically on X, H 1 fixes all elements of X. But G acts effectively, so H 1 = {1}. Corollary 7.2. Suppose that G is a complex linear algebraic group and H ⊂ G is a reductive subgroup and that X = G/H is connected and that G acts faithfully on X.
Suppose that E → M is a (G, X)-geometry. Then the first order structure induced by that geometry is an embedding E → F M as a principal right H-subbundle.
Reductive geometries and connections
Suppose that G is a Lie group with Lie algebra g, H ⊂ G a closed subgroup with Lie algebra h and let X = G/H. Suppose that g splits as an H-module, say g = (g/h) ⊕ h. Write this splitting as A = A − + A 0 for A ∈ g. Let g = (g/h) ⊕ h be the unique Lie algebra which agrees with g as an H-module, but has [g/h, g/h] = 0. The Sharpe mutation of (G, X) is the pair (G , X ) where G = (g/h) H, with obvious Lie group structure, and X = G /H = g/h. Every (G, X)-geometry, say E → M with Cartan connection ω, has a unique (G , X )-mutation, i.e. a geometry with the same H-bundle E → M and with Cartan connection ω = ω, viewed as being valued in g rather than g, using the obvious H-module isomorphism g ∼ = g. Call this the Sharpe mutation of the original Cartan geometry. Clearly if ω = ω − + ω 0 is the Sharpe mutation of a Cartan geometry E → M , then ω 0 is a connection on the H-bundle E → M . Lemma 8.1. Suppose that G is a complex linear algebraic group and H ⊂ G is reductive complex algebraic subgroup and that G acts faithfully on X = G/H. If a complex manifold M admits a holomorphic (G, X)-geometry E → M , then E → M admits a holomorphic connection, and M admits a holomorphic affine connection.
Proof. All H-modules are completely reducible so g splits as an H-module. Therefore every holomorphic reductive geometry bears a holomorphic connection: the ω 0 connection of the Sharpe mutation. Since X = G /H = g/h is connected, the induced first order structure is an embedding E → F M , and thereby induces a holomorphic affine connection on M .
9. The Boole bundle and Boole section Lemma 9.1 (Hilbert [18] p. 556). Suppose that G 0 ⊂ G is a closed reductive complex linear algebraic subgroup of a complex linear algebraic group. Then there is a finite dimensional G-module W and a nonzero vector w 0 ∈ W with stabilizer G 0 . Consequently, G/G 0 ⊂ W is an affine variety. Specifically, we can take W to be the dual space of the set of G 0 -invariant regular functions on G of degree at most k, for any sufficiently large positive integer k.
Suppose that G ⊂ GL (n, C) is a closed reductive complex linear algebraic subgroup. By the previous lemma, there is a finite dimensional GL (n, C)-module W and vector w 0 ∈ W with stabilizer G. We can then identify GL (n, C) /G = Gw 0 ⊂ W .
Suppose that M is a complex manifold. Let F M be the set of coframes (m, u) where u : T m M → g/h is a complex linear isomorphism. We will refer to the holomorphic vector bundle F M × G W → M as the Boole bundle of M . We can map F M → F M × G W by taking each coframe (m, u) to the triple (m, u, w 0 ) and then quotienting by the G-action, i.e. composing with the obvious map
Therefore it descends to a smooth map
Each fiber of F M/G is embedded as a smooth affine algebraic subvariety in the fiber of the vector bundle
Suppose that M has a holomorphic G-structure. For each local holomorphic section σ of the G-structure, defined on an open set U ⊂ M , define a map
by taking each point m ∈ U at which σ is defined, to the coframe (m, u) ∈ F M where u = σ m : T m M → C n , and then taking quotient by G-action, and then applying the smooth map defined above. In local coordinates, we are taking σ = g(z) dz a holomorphic 1-form valued in GL (n, C), and composing it with a morphism GL (n, C) → GL (n, C) /G of affine varieties:
Clearly the value of this map is independent of the choice of coframing, by Ginvariance of w 0 . Call this map the Boole section; it is a section of the bundle
We prove theorem 5.1 on page 5.
Proof. Sketch: The Boole section is a holomorphic section of the Boole bundle on M , a holomorphic vector bundle which extends toM , so the Boole section extends uniquely toM by proposition 4.2 on page 4. The G-structure is just the set of all coframings σ = g(z) dz so that the Boole section is g(z) −1 w 0 : a holomorphic principal G-bundle.
Extension of reductive geometries
Theorem 10.1. Suppose that G is a complex Lie group and H ⊂ G is a is a closed complex subgroup, with Lie algebras h ⊂ g. Suppose that H acts faithfully on g/h. Suppose that M is a domain over a Stein manifold, and E → M is a holomorphic (G, X)-geometry. Then the (G, X)-geometry extends holomorphically to the envelope of holomorphyM if and only if the induced first order structure extends to a holomorphic first order structure onM .
Proof. The Cartan geometry on M extends toM just when the associated principal H-bundle E → M extends ([15] p. 19 theorem 8). The bundle of the associated first order structure is E/H 1 = E by corollary 7.2 on page 7. By theorem 5.4 on page 5, the holomorphic principal bundle E → M extends holomorphically to a holomorphic principal bundle onM if and only if the first order structure extends holomorphically toM .
We now prove theorem 1.1 on page 2.
Proof. Suppose that G is a complex linear algebraic group and H ⊂ G is a reductive subgroup and X = G/H. Suppose that M is a domain over a Stein manifold and that E → M is a holomorphic (G, X)-geometry. By lemma 7.1 on page 7, H acts faithfully on g/h. By theorem 10.1 on the facing page, it suffices to prove that the induced first order structure extends, and we proved this in theorem 5.1 on page 5.
Rational homogeneous varieties
A generalized flag variety, also called a rational homogeneous variety, is a compact complex homogeneous space G/P where G is a connected complex semisimple Lie group. The closed complex subgroups P ⊂ G for which G/P is compact are called parabolic subgroups. There is some Cartan subgroup H ⊂ P , so the Lie algebra p is a sum of root spaces over H; we can arrange the choice of Cartan subgroup and basis of simple roots so that the root spaces of the positive roots lie in p; Knapp [11] p. 475. We will assume henceforth that G/P comes equipped with a choice of such a Cartan subgroup and basis of simple roots. If α is a root, let g α be its root space. Call a root α compact for G/P if both g α and g −α lie in p. Call the associated coroot H α compact just when α is compact. Let ∆ be the set of roots, ∆ + the set of positive roots, ∆ − the set of negative roots, ∆ + P the set of noncompact positive roots, ∆ − P the set of noncompact negative roots, and ∆ 0 P the set of compact roots.
Definition 11.1. Suppose that G is a complex semisimple Lie group and H ⊂ G is a Cartan subgroup, with associated Lie algebras h ⊂ g. A Chevalley basis [4, 20] is a basis X α , H αi for g parameterized by roots α and simple roots α i for which
β,β (measuring inner products via the Killing form) Lemma 11.2 (Knapp [11] p. 374, p. 481). Suppose that P ⊂ G is a parabolic subgroup of a connected complex semisimple Lie group. Then P is a connected complex linear algebraic subgroup. There are unique connected complex linear algebraic subgroups M, A, N ⊂ P and N − ⊂ G so that
(1) M is a maximal reductive subgroup of P and (2) A is a maximal abelian subgroup of P and (3) N is the unipotent radical of P and (4) P = M AN , the Langlands decomposition, i.e. every element p ∈ P is expressible uniquely as a product p = man with m ∈ M , a ∈ A, n ∈ N . Moreover, this decomposition is a biholomorphism P = M × A × N and (5) N − ∩ P = {1} and (6) the Lie algebra of M is the span of the compact coroots and the root spaces of the compact roots and (7) the Lie algebra of A is the span of the noncompact coroots and (8) the Lie algebra of N is the sum of the noncompact positive root spaces and (9) the Lie algebra of N − is the sum of the noncompact negative root spaces and (10) the compact roots form a root system for M and (11) the groups N and N − are simply connected.
Lemma 11.3. Suppose that G/P is a generalized flag variety, with Langlands decomposition P = M AN . Suppose that G is a connected complex semisimple Lie group. Then G is generated by N − ∪N if and only if the maximal connected normal subgroup of G lying in P is trivial.
Proof. Let G ⊂ G be the subgroup generated by N − ∪ N . Since N − and N are path connected, G is connected, so a Lie subgroup. Let g be the Lie algebra generated by n − ∪ n. Since n − and n are complex Lie subalgebras of g, so is g . Let G be the connected complex Lie subgroup with Lie algebra g . Since N − and N are connected, N − , N ⊂ G . Clearly the Lie algebra g of G contains n − and n, so contains g . Therefore
In terms of a Chevalley basis, the Lie algebra g of G must contain all root vectors X α of all noncompact roots α, and therefore their brackets. The noncompact roots, positive or negative, are invariant under bracketing with the compact roots, so N and N − are each invariant under M A. Therefore G is invariant under M A. Therefore g is invariant under the Cartan subgroup of G, and so is a sum of root spaces. We only need to identify which root spaces lie in g . So far, we have found that g contains all of the root spaces of the noncompact roots.
Suppose that α is a compact root. We need to ask if X α ∈ g . If we can find a noncompact root β so that α + β is a root, then
From the definition of Chevalley basis, N −β,α+β = 0 since −β, α+β, α are all roots. Therefore, for any given compact root α, if there is a noncompact root β so that α + β is also a root, then α + β is a noncompact root, so X α ∈ g . Note that if α is a compact root, and β a noncompact root, then all roots on the α-string . . . , β − α, β, β + α, . . . are noncompact too, containing the same (all positive or all negative) integer multiples of the noncompact simple roots. In other words, if α is a compact root and X α is not in g , then the α-string of every noncompact root β must be of length 1.
Consider the root system of rank 2 generated by α and β. Looking at pictures of all root systems of rank 2 [20] , we see that α must be perpendicular to β. So the set of compact roots α for which X α / ∈ g lies on a perpendicular subspace to all of the noncompact roots, and so forms a root subsystem of a semisimple ideal in g. So g = g ⊕ g where g ⊂ g is a semisimple ideal. Moreover, g contains the root spaces of all noncompact roots, so g must be contained in the sum of the root spaces of the compact roots, i.e. G = e g ⊂ M A ⊂ P . By hypothesis, g = 0. Therefore g = g, and so G is a connected open subgroup of g. Since g is connected, g = g.
If G is a group, let Z(G) be its center.
Lemma 11.4. Suppose that P ⊂ G is a parabolic subgroup of a connected complex semisimple Lie group and with Lie algebras p ⊂ g and with Langlands decompositions P = M AN and G = N − M AN . The group M A normalizes the groups N and N − . In particular we can get M A to act on n − . Suppose that p does not contain a nontrivial ideal of g. Then the subgroup Γ defined by
In particular, Γ is a subgroup of the center Z(G) of G, and so is a finite abelian group.
Proof. If ma ∈ M A acts trivially on n − , it acts trivially on n, since n = (n − ) * via the Killing form, so ma acts trivially on the Lie subalgebra of g generated by n ∪ n − . By lemma 11.3 on the facing page, this subalgebra is all of g. Therefore Ad(ma) = I, so ma ∈ Z(G).
A homogeneous space G/H is effective ( [21] p. 150) if G acts effectively on G/H, i.e. if the largest normal subgroup of G contained in H is {1}. Strictly speaking, effectivity is a property of the pair (G, H), but we will think of it as a property of G/H.
Lemma 11.5. A generalized flag variety G/P is effective if and only if both
(1) G has trivial center and (2) the Lie algebra of P contains no nontrivial ideal in the Lie algebra of G.
Remark 11.6. Note that G has trivial center if and only if G is in adjoint form, i.e. G = Ad G.
Proof. Suppose that G/P is effective. The Lie algebra of P contains a nontrivial ideal in the Lie algebra of G just when P contains a positive dimensional subgroup normal in G, which then acts trivially on G/P , so is trivial. Clearly Z(G) is discrete, abelian and normal in G. We need to see that Z(G) ⊂ P . A subgroup P would remain parabolic if we replaced it by the subgroup P Z(G), and would have the same Lie algebra. But every parabolic subgroup is connected, and determined by its Lie algebra [5] . So Z(G) ⊂ P . But G is effective, so Z(G) = {1}. Now suppose that G has trivial center and that the Lie algebra of P contains no nontrivial ideal in the Lie algebra of G. Suppose that K ⊂ P is a normal subgroup of G. So the Lie algebra of K is an ideal in the Lie algebra of G, and therefore is trivial. So K is a discrete normal subgroup of G. If g(t) is a path in G with g(0) = 1, and k ∈ K, then g(t)kg(t)
Corollary 11.7. Suppose that P ⊂ G is a complex parabolic subgroup of a connected complex semisimple Lie group G, with Langlands decomposition P = M AN . Then M A normalizes N − , and thereby acts as Lie algebra automorphisms on n − . The action of M A on n − is faithul iff G/P is effective.
Suppose that the action of M A on n − is faithful. If p contains a nontrivial ideal in g, then m must contain that semisimple summand of g, since a is abelian and n is nilpotent. Decomposing g into simple summands, g = i g i , we decompose p = i p i etc. giving the Langlands decomposition of each summand. So if g i ⊂ p then p i = g i , and n i = 0. So G i = exp g i ⊂ M A acts trivially on n − . So G i is trivial, and so the ideal in p is trivial. By lemma 11.4 on the previous page, Z(G) ∩ M A = Γ = 1. We need only show that Z(G) ⊂ M A. Pick some g ∈ Z(G). Every Cartan subgroup is the adjoint stabilizer of some element of itself, and therefore contains the center of G. Since there is a Cartan subgroup of
Suppose on the other hand that G/P is effective. By lemma 11.5 on the preceding page, Z(G) = 1 and p contains no nontrivial ideal in g. So Γ is discrete. Since n − = n * as M A-modules, Γ acts trivially on n and n − , and therefore commutes with the subgroup of G generated by N ∪ N − . Because G/P is effective, the minimal normal subgroup of G lying in P is trivial. By lemma 11.3 on page 10, G is generated by N − ∪ N , so Γ ⊂ Z(G) = 1.
Chevalley bases for generalized flag varieties
Suppose that X = G/P is a generalized flag variety. Fix a Cartan subalgebra h ⊂ g and a Chevalley basis for g as in definition 11.1 on page 9. Consider the 1-forms ω α dual to the vectors X α of the Chevalley basis. We use the Killing form to extend α from h to g, by splitting g = h + h ⊥ , and taking α = 0 on h ⊥ . The 1-forms ω α , α span g * . Each exterior form in Λ * (g) * extends uniquely to a left invariant differential form in Ω * (G), and we will write these forms with the same symbols. These forms determine a basis of left invariant 1-forms ω α , α i (with the α i varying over the basis of simple roots), and a basis of left invariant vector fields X α , H αi . From the commutator relations for g,
with sums over all roots. The basis ω α , α i is not the dual basis to X α , H αi . If G/P is a rational homogeneous variety, let δ = δ G/P be δ = 1 2
where the sum is over all noncompact negative roots. The Killing form inner product δ, β (where δ is half the sum of noncompact negative roots, and β any root) vanishes just precisely for β a compact root.
Chevalley bases for parabolic geometries
Suppose that E → M is a holomorphic parabolic geometry, modelled on a generalized flag variety X = G/P . Similar structure equations hold for any parabolic geometry with the same model. The Cartan connection is a 1-form valued in the Lie algebra g of G, so splits into a sum of 1-forms ω α and α i from the decomposition of g into root spaces, which we write using the same notation. From the definition of a Cartan geometry, the Cartan connection satisfies the same structure equations as the Maurer-Cartan form on the model, but with semibasic curvature correction terms, so
where the K and L terms are Cartan geometry curvature terms, so they vanish except possibly for β and γ noncompact negative roots. It is easy to check from the above equations that for any β ∈ ∆ + P ,
and, for β ∈ ∆
14. Pairing a connection on the canonical bundle with a parabolic geometry
Suppose that φ is a holomorphic connection for the canonical bundle κ M of a complex manifold M . The 1-form φ is a holomorphic 1-form on the total space of κ
If X is the infinitesimal generator of that rescaling, i.e.
for ξ ∈ κ M , then X φ = 1.
Definition 14.1. Suppose that E → M is a holomorphic parabolic geometry modelled on a rational homogeneous variety X = G/P . Pick a Chevalley basis as in section 13. At each point e ∈ E, the 1-forms ω α , for α a noncompact negative root, span the semibasic 1-forms. Pick any ordering of the noncompact negative roots. The form Ω = α∈∆ − P ω α (a wedge product over noncompact negative roots) spans the semibasic forms of top degree. Check (see [16] p. 6 for details) that dΩ = −2δ ∧ Ω. Pick a point e ∈ E and let m = π(e) ∈ M . There is a unique top degree form in Λ top,0 (T * m M ) which pulls back to Ω, and by abuse of notation we denote it Ω e ∈ Λ top,0 (T * M ). Denote the obvious representation of P on g/p as ρ : P → g/p. Then
.
Define a map f : e ∈ E → Ω e ∈ κ × M , and check that
Then under the flow of any vector A ∈ p, we have f * A = −2δ(A)X. Denote f * φ as φ by abuse of notation. For any p ∈ P , r * p φ = φ, and, for any A ∈ p, A φ = −2δ(A). Since the various ω α , for α noncompact negative, form a basis for the semibasic 1-forms,
for some unique holomorphic functions t α : E → C. Call the function t = (t α ) : E → (g/p) * = n the parabolic torsion of the connection φ on the canonical bundle κ M with respect to the parabolic geometry. Remark 14.2. A first it may appear that the parabolic torsion is a holomorphic 1-form, but as we will see it is more complicated.
If ξ is a holomorphic 1-form on M and φ is a holomorphic connection on the canonical bundle κ M , then φ + ξ is also a holomorphic connection on κ M , and all holomorphic connections on κ M have this form. Denote the pullback of ξ to E also as ξ, and then we can write ξ as
for some holomorphic functions s = (s α ). If the parabolic torsion of φ is t = (t α ), then the parabolic torsion of φ + ξ is t + s. In particular, locally every value of t ∈ (g/h) * occurs as the parabolic torsion of some local holomorphic connection on κ M . Lemma 14.3. Suppose that E → M is a holomorphic parabolic geometry modelled on a rational homogeneous variety X = G/P . Take a Langlands decomposition P = M AN . Suppose that φ is a holomorphic connection on the canonical bundle of M . Let E 0 ⊂ E be the set of points at which the parabolic torsion of the connection vanishes. Then E 0 is a principal right M A-bundle. The 1-forms ω α for α a positive noncompact root are all semibasic on E 0 . Under the M A-invariant splitting
the pullback of ω to E 0 splits into
The last of these,
is a multiple of the first on E 0 , i.e. of
on E 0 is the holomorphic Cartan connection of a reductive Cartan geometry modelled on (G , X ) where
Proof. Pick a positive noncompact root β ∈ ∆ + P , and apply Lie derivatives to equation 3 on the facing page to find
Then we can write this as
Computing the bracket
and using the fact that the quantities t α can be chosen arbitrarily at any point, we find
for any β, γ ∈ ∆ + P and α ∈ ∆ − P . Note that these two equations express identities valid in any Chevalley basis of any semisimple Lie algebra.
Write the elements of (g/p) * as
using the X α of the Chevalley basis for α ranging over negative noncompact roots. For each β ∈ ∆ + P , define an infinitesimal affine transformationX β of (g/p) * bỹ
Computing brackets, equations 5 and 6 tell us that theseX β vector fields satisfy the commutation relations of the Lie algebra n. Being affine, they are complete. By lemma 11.2 on page 10, N is simply connected, and therefore these vector fields define a right action of N on n by affine transformations, say a : N → GL (n) n. Moreover, the parabolic torsion transforms according to r * n t = a(n)t. In particular, if we take β = −α, we find
δ, α α, α which is not 0 by lemma 12.1 on page 13. It follows that the vector fieldsX β are linearly independent at each point of n. Therefore the orbits of the N -action on n are open, and so there is only one orbit of N on n. The set Γ ⊂ N of elements of N fixing the origin in n is a discrete subgroup. Because n and N are simply connected, and n = Γ\N , we must have Γ = {1}. Consequently we can find, for each e ∈ E, a unique and holomorphically determined n ∈ N for which t(en) = 0. Let E 0 ⊂ E be the zero locus of t, so E 0 is a complex submanifold of E, intersecting each fiber uniquely and transversely. Moreover, E 0 is M A-invariant by definition, since parabolic torsion is M A-invariant. So E 0 is a smooth principal right M A-subbundle. Each tangent space of E 0 is cut out by equations setting ω β (for β a positive noncompact root) to a multiple of the various ω α (for α a negative noncompact root).
Remark 14.4. Pick any Lie group L and any holomorphic principal L-bundle p : X → M . Write the vector fields generating the L-action as
for x ∈ X and A ∈ l. Let X be the set of all pairs (x, ψ) where x ∈ X and ψ : T x X → l is a complex linear map so that A(x) ψ = A for any A ∈ l. The group L acts on X in the obvious way:
and this action is clearly free and proper. Let ∇X = X /L. Holomorphic sections of the holomorphic fiber bundle ∇X → M are precisely holomorphic connections on X → M . Returning to our parabolic geometry, make a map F : E → ∇κ × M , by asking that f (e) * F (e) = −2δ. It immediately follows from the previous lemma above that there is a unique such map F and that, if φ is any holomorphic connection on the canonical bundle of M , with graph Γ φ ⊂ ∇κ × M , then E 0 = F −1 Γ φ is the set of zeroes of the parabolic torsion of φ on E. In fact, F is N -invariant and identifies E/N = ∇κ × M . We won't need this result, so we leave it to the reader to check. Theorem 14.5. Suppose that M is a complex manifold bearing a holomorphic effective parabolic geometry E → M , say with model G/P . Suppose that P has Langlands decomposition P = M AN . The canonical bundle of M bears a holomorphic connection if and only if E contains a holomorphic principal M A-subbundle.
Proof. We have seen one direction already: by lemma 14.3 on page 14, a holomorphic connection on the canonical bundle reduces every holomorphic effective parabolic geometry to a holomorphic principal M A-subbundle. Suppose that E 0 ⊂ E is a holomorphic principal right M A-subbundle, where E → M is a holomorphic effective parabolic geometry. Let φ = −2 δ; then φ is an M A-invariant holomorphic 1-form on E 0 . Calculate that for any β ∈ ∆ 
Extension of parabolic geometries
We now prove theorem 1.2 on page 2.
Proof. Suppose that G is a complex semisimple Lie group and P ⊂ G is a parabolic subgroup and that X = G/P . Suppose that G acts faithfully on X, i.e. G is in its adjoint form by lemma 11.5 on page 11. Suppose that E → M is a holomorphic (G, X)-geometry and that M is a domain over a Stein manifold. LetM be the envelope of holomorphy of M . By lemma 4.1 on page 4, we can assume that the canonical bundle of M has a holomorphic connection. By lemma 14.3 on page 14, this connection together with the parabolic geometry imposes a reductive geometry E 0 → M modelled on (G , X ), where G = M A (g/p) and H = M A. By corollary 11.7 on page 12, H acts faithfully on g /h . By theorem 10.1 on page 8, every (G , X )-geometry on M extends uniquely to a holomorphic (G , X )-geometry on M , say E 0 →M . Let E = E 0 × M A P . So E →M is a holomorphic principal right P -bundle extending E. The (G, X)-geometry on M extends toM just when the associated principal H-bundle E → M extends ([15] p. 19 theorem 8). Therefore the (G, X)-geometry on M extends toM .
Families of first order structures and geometries
A family of complex manifolds is a nowhere singular holomorphic foliation F of a complex manifold M . We identify any foliation F with set of tangent vectors tangent to its leaves, so F ⊂ T M . The frame bundle of F is the principal right GL (n, C)-bundle Fr F → M whose elements are pairs (m, u) where m ∈ M and u : F m → C n a linear isomorphism. Suppose that ρ : G → GL (n, C) is a complex representation of a complex Lie group G. A holomorphic family of G-structures is a family F of complex manifolds and a holomorphic principal right G-bundle E → M and a G-equivariant holomorphic bundle map E → Fr F .
If p : E → M is a holomorphic principal bundle and F is a holomorphic foliation on M , let F E be the foliation on E whose leaves are the preimages of the leaves of F , and write F as F M for clarity. Suppose that E → Fr F M is a family of G-structures. Pick any e ∈ E and suppose that the bundle map E → Fr F M takes e ∈ E → (m, u) ∈ Fr F M . The soldering form of the family of G-structures is the object η ∈ F E * ⊗ C n defined by v η = u (p (e)v) for any v ∈ F e E. Suppose that X = G/H is a complex homogeneous space. A family of (G, X)-geometries (also called a family of Cartan geometries modelled on X) on a family F M of complex manifolds is a holomorphic principal right H-bundle E → M and a section ω of F E * ⊗ g, called the Cartan connection, satisfying the following conditions.
(1) Denote the right action of g ∈ G on e ∈ E by r g e = eg. The Cartan connection transforms in the adjoint representation:
(2) ω e : F e E → g is a linear isomorphism at each point e ∈ E.
(3) For each A ∈ g, define a section of F E over E by the equation A ω = A. The vector fields A on E, for A ∈ h, generate the right H-action:
If G is a complex semisimple Lie group and X = G/P is a rational homogeneous variety, then a family of (G, X)-geometries is called a family of parabolic geometries.
Recall the foliation of C n − {0} by radial lines. Clearly foliations, and even holomorphic submersions, do not generally extend to envelopes of holomorphy. Therefore we will pose the Hartogs extension problem only for holomorphic foliations which are already assumed to extend.
Theorem 16.1. Suppose that G ⊂ GL (n, C) is a closed complex Lie subgroup. Suppose that M is a domain over a Stein manifold and F M is a nowhere singular holomorphic foliation of M . Suppose that E ⊂ Fr F M is a holomorphic family of Gstructures on M . Then the family extends holomorphically to a holomorphic family of G-structures on the envelope of holomorphyM if and only if the holomorphic principal bundle E → M extends to a holomorphic principal bundle onM .
Proof. We just make the obvious modifications to the proof we gave above for a single G-structure. Write the extension of E → M asÊ →M . (It is true that E is the envelope of holomorphy of E, although we won't need to know this, so we leave the reader to check it.) The soldering form is a holomorphic section of the holomorphic vector bundle F E * ⊗ G C n over M , and therefore extends to a holomorphic section of FÊ * ⊗ G C n onM by [15] proposition 2. This section vanishes on the fibers of E → M , so by analytic continuation must vanish on all of the fibers ofÊ →M . The set of points e ∈Ê at which this section is not of full rank as a linear map F * eÊ → C n is a complex analytic hypersurface ofÊ clearly. Being Ginvariant, it projects to a complex analytic hypersurface ofM . Every component of this hypersurface has to intersect M by [15] p. 8 lemma 11. Therefore this hypersurface is empty. The soldering form, being semibasic, determines a coframe at each point e ∈Ê, say u : F m M → C n so that v η e = u (π (e)v) for any vector v ∈ F eÊ . This choice of coframe is an extension of our map to the coframe bundle. The map is G-equivariant, so is a family of G-structures.
Theorem 16.2. Suppose that H ⊂ G is a closed complex Lie subgroup of a complex Lie group and X = G/H. Suppose that M is a domain over a Stein manifold and FM is nowhere singular holomorphic foliation of the envelope of holomorphyM of M . Suppose that E → M is a holomorphic family of (G, X)-geometries over the family F M . Then the family of geometries extends holomorphically to the envelope of holomorphyM if and only if the holomorphic principal bundle E → M extends to a holomorphic principal bundle onM .
Proof. Suppose that E → M extends to a holomorphic principal bundleÊ →M . The Cartan connection is a holomorphic section of F E * ⊗ H g → M , and therefore extends to a holomorphic section of FÊ * ⊗ H g →M by [15] proposition 2. Lets call this sectionω. The set of points e ∈ E at which the linear map
is not a linear isomorphism is a closed complex analytic hypersurface ofM . Every component of this hypersurface has to intersect M by [15] p. 8 lemma 11. Therefore this hypersurface is empty. The object ω satisfies A ω = A for any A ∈ h where A is the associated generator of the infinitesimal h-action on E. The analogous statement onÊ must hold by analytic continuation. Thereforeω is a Cartan connection.
Theorem 16.3. Suppose that G is a complex Lie group and H ⊂ G is a is a closed complex subgroup, with Lie algebras h ⊂ g. Let X = G/H. Suppose that H acts faithfully on g/h. Suppose that M is a domain over a Stein manifold and FM is a nowhere singular holomorphic foliation of the envelope of holomorphyM of M . Suppose that E → M is a holomorphic family of (G, X)-geometries over F M . Then the family of geometries extends holomorphically to the envelope of holomorphyM if and only if the associated first order structure extends to a holomorphic first order structure onM .
Proof. The family of Cartan geometries on M extends holomorphically toM just when the associated principal H-bundle E → M extends holomorphically by theorem 16.2 on the facing page. The bundle of the associated first order structure is E/H 1 = E. We omit the proof, which is once again a straightforward modification of the proof for a single effective parabolic geometry, using a holomorphic connection on the relative canonical bundle.
Flat Cartan connections and disk convexity
Pick a rational homogeneous variety (G, X). Any local biholomorphism δ : M → X from a simply connected domain M over a Stein manifold to a rational homogeneous variety X is clearly the developing map of a flat parabolic geometry. The geometry extends toM , and so the developing map extends as a local biholomorphism. Sergei Ivashkovich has another perspective on holomorphic extensions which is easy to apply to developing maps of a wider variety of models. A complex manifold M is disk convex if for every compact set K ⊂ M there is a compact set K ⊂ M so that every holomorphic map of the closed disk to M sending the boundary to K sends the interior to K ; see Ivashkovich [8] . For example, compact complex manifolds are disk convex, as are affine complex analytic varieties. Theorem 17.1 (Ivashkovich [8] ). Suppose that M is a domain over a Stein manifold. Suppose that X is a disk convex Kähler manifold and that the holomorphic vector fields on X span the tangent bundle of X. If f : M → X is a local biholomorphism, then f extends uniquely to a local biholomorphism f :M → X.
Corollary 17.2. Suppose that M is a domain over a Stein manifold. Suppose that (G, X) is an effective complex homogeneous space and that X is disk convex and Kähler. (For example, (G, X) could be a reductive complex homogeneous space, or a rational homogeneous variety.) Then every flat holomorphic (G, X)-geometry on M extends uniquely to a flat holomorphic (G, X)-geometry onM .
Example: Hopf manifolds
18.1. Definition. A compact complex manifold M is called a Hopf manifold if its universal covering space is biholomorphic to C n − {0} for some integer n ≥ 1. If additionally the fundamental group of M is generated by a single element, then the manifold is called a primary Hopf manifold.
A biholomorphism f : C n → C n fixing 0 ∈ C n is strictly contracting if all of the eigenvalues λ of f (0) have |λ| < 1. If f is strictly contracting, let
then M f is a primary Hopf manifold. Every Hopf manifold has a finite covering by a primary Hopf manifold, and any primary Hopf manifold is biholomorphic to some such M f [12] p. 694. Any two primary Hopf manifolds M f and M g are biholomorphic if and only if there is a biholomorphism h : C n → C n fixing 0 so that g • h = h • f. It follows that the classification of primary Hopf manifolds reduces to the classification of strictly contracting biholomorphisms of C n up to conjugacy. A resonance of a biholomorphism f : C n → C n fixing 0 ∈ C n is a relation of the form λ j = λ α where λ j are the eigenvalues of f (0) and α = (α 1 , α 2 , . . . , α n ) are some integers with k α k ≥ 2. To each resonance we associate the resonant polynomial map z → z α e j , where e 1 , e 2 , . . . , e n ∈ C n is the standard basis. By the Poincaré-Dulac theorem [1] p. 184, any strictly contracting biholomorphism f is conjugate to a strictly contracting biholomorphism of the form z → Az + w(z), where A = f (0) and w = (w 1 (z), . . . , w n (z)) is a map with each w i (z) a finite sum of resonant polynomial maps. Order the eigenvalues of A by modulus. We can replace f (z) by Az + w(z) without changing the biholomorphism type of the Hopf manifold, so we do this henceforth. The generic strictly contracting biholomorphism is linearizable, and conjugate to a diagonal linear map
Holomorphic affine connections.
Lemma 18.1. A primary Hopf manifold M = M f admits a holomorphic affine connection if and only if, after perhaps replacing f by a conjugate, f is a linear map. Suppose further that f is diagonalizable with eigenvalues λ 1 , λ 2 , . . . , λ n . The moduli space of holomorphic affine connections on M has dimension equal to the number of relations of the form λ i = λ j λ k λ α , for 1 ≤ i, j, k ≤ n and a multiindex α. In particular, the generic Hopf manifold admits a unique holomorphic affine connection. Without loss of generality, the generic Hopf manifold is M f with f linear, and this connection lifts to C n to be the standard flat affine connection
Proof. Any holomorphic connection ∇ on the tangent bundle of a Hopf manifold M = M f must lift to C n −0. It then differs from the standard Euclidean connection on C n by a holomorphic 1-form valued in T M . Apply Hartogs's extension theorem to this 1-form: the connection holomorphically extends to an f -invariant holomorphic connection on C n . The exponential map will therefore also be invariant, and then clearly the exponential map will satisfy f (exp 0 (tv)) = exp 0 (tf (0)v) .
Therefore the exponential map will identify f near 0 with a linear map, and so f is linearizable by the Poincaré-Dulac theorem. Therefore a primary Hopf manifold M = M f admits a holomorphic affine connection just when f is a linearizable map. Assume then that f is linear, say f = g 0 ∈ GL (n, C), and diagonalizable with eigenvalues λ 1 , λ 2 , . . . , λ n . Then g 0 -invariance of a connection is precisely that the Christoffel symbols, expanded into a multiindex Taylor series
Lemma 18.2. The canonical bundle of a primary Hopf manifold admits a unique holomorphic connection. If the Hopf manifold is M f and f is linear, then this connection lifts to C n to be the standard flat connection
Proof. Every holomorphic line bundle on any Hopf manifold admits a holomorphic flat connection; see [13] p. 1013 theorem 4. Moreover, this holomorphic flat connection is unique, because the difference between any two holomorphic flat connections is a holomorphic 1-form, i.e. a holomorphic 1-form on C n invariant under a strictly contracting map, which clearly must be 0. Proposition 18.3. Every holomorphic projective connection on any Hopf manifold is induced by a unique holomorphic affine connection. Consequently any Hopf manifold bears a holomorphic projective connection just when it is linear, and the moduli space of holomorphic projective connections is then identified with the moduli space of holomorphic affine connections.
Proof. Assume that M = M f where f is a diagonal linear map with eigenvalues λ 1 , λ 2 , . . . , λ n . Start with a holomorphic projective connection, say with Cartan connection ω and principal bundle E → M . It is convenient to translate the structure equations of the projective connection into the more traditional notation of Cartan [3] chapter IV, p. 234:
These are the same structure equations as above, in a Chevalley basis, but using different notation, which makes the relation to affine connections more direct. Take the unique holomorphic connection φ on the canonical bundle guaranteed by lemma 18.2 and reduce the structure group holomorphically to the maximal reductive subgroup as in section 14 on page 13. The subbundle E 0 ⊂ E is then E 0 = F M , the coframe bundle, because the maximal reductive subgroup is GL (n, C). The reduction E 0 ⊂ E is expressed as ω i = t ij ω j , for some uniquely determined holomorphic functions t ij : E 0 → C. From the structure equations t ij ω i ∧ ω j is the pullback from M of a unique holomorphic 2-tensor in Sym 2 (T * M ). Such a tensor pulls back to C n , the universal covering space of M , to become an f -invariant holomorphic 2-tensor, so vanishes. Therefore on E 0 , ω i = 0. The structure equations then immediately become those of a holomorphic affine connection:
Pull back the bundle to C n and take complex linear coordinates z on C n . Pull back ω i and ω i j via the section dz of F M . Then dz * ω i = dz i and so by Cartan's lemma
Clearly the projective connection is induced by this affine connection. Two affine connections induce the same projective connection just when they differ by a 1-form, and there are no nonzero holomorphic 1-forms on a Hopf manifold, so the affine connection is unique.
Reductive first order structures.
Example 18.4. Suppose that G ⊂ GL (n, C) is a closed complex subgroup and that g 0 ∈ G is a strictly contracting linear map. Consider the quotient
where the Z-action is generated by
Theorem 18.5. Suppose that G ⊂ GL (n, C) is a reductive linear algebraic subgroup. If G = GL (n, C) then, for generic choice of strictly contracting map f , the Hopf manifold M f admits no holomorphic G-structure. Suppose that B ⊂ F M is a G-structure on a primary Hopf manifold
If G is semisimple, or has finitely many components and semisimple identity component, then there are no holomorphic G-structures on any linear Hopf surface, since all representations of G are virtually unimodular, so no elements are strictly contracting on C n .
Proof. This structure B pulls back to a G-structure on C n \ {0}. Identify
The prolongation of f is
Since G is reductive, the pullback of B to C n − {0} extends across 0, so can always change linearly the coordinates in C n to arrange that (0, I) ∈ B, and g 0 = f (0) ∈ G, and g 0 is a strictly contracting linear map, i.e. all of the eigenvalues of g 0 lie inside the open unit disk in the complex plane.
Reductive geometries.
Example 18.6. Suppose that G is a complex linear algebraic group, H ⊂ G a reductive complex algebraic subgroup, and let X = G/H. Suppose that G acts faithfully on X. Let ρ : H → GL (g/h) be the obvious representation. Take an element h 0 ∈ H. Suppose that all eigenvalues of ρ (h 0 ) lie inside the open unit disk in the complex plane. Let M = M ρ(h0) . Let E = (C n − 0) × h0 H, the quotient by the left action
Clearly ω is h 0 -invariant, and therefore descends to a 1-form on E, which we also call ω, and which is a Cartan connection for a unique (G, X)-geometry on M .
Theorem 18.7. Suppose that G is a complex linear algebraic group, H ⊂ G a reductive complex algebraic subgroup, and let X = G/H. Suppose that G acts faithfully on X. Let ρ : H → GL (g/h) be the obvious representation. A primary Hopf surface M admits a holomorphic (G, X)-geometry if and only if it is biholomorphic to M = M ρ(h0) for a unique element h 0 ∈ H.
Proof. Existence follows from example 18.6 above. On the other hand, if M = M f admits a (G, X)-geometry, lemma 8.1 on page 7 shows that M f admits a holomorphic affine connection, and lemma 18.1 on page 20 says that M f admits a holomorphic affine connection if and only if f is linear, and finally theorem 18.5 on the facing page says f = h 0 ∈ H.
All known parabolic geometries on compact complex manifolds.
Suppose that (G, X) is a rational homogeneous variety. Let us describe all known examples of holomorphic (G, X)-geometries on compact complex manifolds. There is a unique holomorphic (G, X)-geometry on X [14] . All flat holomorphic (G, X)-geometries are classified on compact complex surfaces [10] . All holomorphic parabolic geometries on complex tori are classified [16] ; every holomorphic parabolic geometry on any complex torus is translation invariant.
Suppose that (G, X) is a compact Hermitian symmetric space. There is a real form G * ⊂ G of G which acts on X with a symmetric space orbit: the noncompact dual X * ⊂ X of X. There are many examples of Hermitian locally symmetric manifolds [17] , i.e. compact complex manifolds with X * as universal covering space. Each Hermitian locally symmetric manifold has a flat holomorphic (G, X)-geometry; I suspect that this geometry is the only parabolic geometry on that Hermitian locally symmetric manifold. There is one exotic example [9] of a (G, X)-geometry where (G, X) = P SL (4, C) , P 3 , exotic because it is defined on a smooth complex projective variety, but is not (i) X or (ii) a complex torus or (iii) a locally Hermitian symmetric manifold. In each of our examples so far, all of the known geometries are flat. There are flat and nonflat holomorphic (G, X)-geometries on any complex torus of the same dimension as X [16] .
Next suppose that (G, X) is a rational homogeneous variety, but is not symmetric. Every complex torus of the same dimension as X admits (G, X)-geometries; although all of these geometries are translation invariant, none of them are flat [16] . If P ⊂ Q ⊂ G are parabolic subgroups of a complex semisimple Lie group, and if G/Q is symmetric, then any Hermitian locally symmetric manifold M modelled on G/Q bears an obvious holomorphic Q/P -bundle Z → M with a flat holomorphic (G, G/Q)-geometry. I suspect that this geometry is the only holomorphic parabolic geometry on the complex manifold Z. The only known examples of holomorphic (G, X)-geometries are those on (i) X, (ii) complex tori and (iii) these bundles Z → M over Hermitian locally symmetric manifolds. Those on complex tori cannot be flat; I suspect that they cannot be torsion-free.
We introduce one more example:
Example 18.8. Take a complex semisimple Lie group G in its adjoint form and a parabolic subgroup P with Langlands decomposition P = M AN and a subgroup N − ⊂ G as in lemma 11.2 on page 10, with Lie algebras p = m ⊕ a ⊕ n and g = n − ⊕ m⊕a⊕n. Pick any element m 0 a 0 ∈ M A so that the map f = Ad (m 0 a 0 ) acts on n − as a strictly contracting linear map. Such elements exist, and form an open subset in M A, as we will see shortly. Take the primary Hopf manifold
Since N − is simply connected, the exponential map exp : n − → N − is a diffeomorphism (Knapp [11] p. 107 theorem 1.127) and therefore a biholomorphism. Moreover, N − ∩ P = {1}, so that δ is a biholomorphism to its image. The image of δ is the N − -orbit of o ∈ X, which is also the basin of attraction of ad (m 0 n 0 ), as we will see in theorem 18.12 on page 26. This construction provides the first examples of flat holomorphic parabolic geometries on compact complex manifolds (other than the obvious example of M = X) for every rational homogeneous variety (G, X) which is not a compact Hermitian symmetric space.
Let us ask if there are any elements m 0 a 0 ∈ M A which act on n − as strictly contracting linear maps. If so, then such elements will form an open set. The generic element of M A is conjugate to an element in the Cartan subgroup of G, so we can assume it has the form m 0 = e i ciHα i , a 0 = e i ciHα i , where the first sum is over compact positive simple roots, and the second over noncompact positive simple roots. We can then check that the eigenvalues with which such an element acts on n − are given, on the −β weight space, by λ β = exp −β, σ . where
We only have to arrange that β, σ > 0 for every positive noncompact root β. We get to pick the constants c i ∈ C as we like. For example, if we pick them so that σ = δ, then by lemma 12.1 on page 13, we find that m 0 a 0 acts on n − by a strictly contracting linear map.
18.6. Parabolic geometries. Theorem 18.9. Suppose that M is a primary Hopf manifold admitting a holomorphic parabolic geometry E → M , say with model X = G/P . Let ρ : P → GL (g/p) be the obvious representation. Split P into the Langlands decomposition P = M AN . Then M = M ρ(p0) for some element p 0 = m 0 a 0 ∈ M A for which ρ (p 0 ) is a strictly contracting linear map. A Hopf manifold admits a holomorphic parabolic geometry if and only if it admits a flat one. The generic Hopf manifold admits precisely one holomorphic parabolic geometry: its holomorphic flat projective connection.
Proof. Mall [13] p. 1013 theorem 4 proves that every holomorphic line bundle on any Hopf manifold admits a holomorphic flat connection. Therefore the canonical bundle of M admits a holomorphic flat connection. By lemma 14.3 on page 14, the holomorphic connection on the canonical line bundle determines a holomorphic reductive M A-geometry E 0 ⊂ E. By theorem 18.7 on page 23, M = M ρ(p0) for some p 0 = m 0 a 0 . Example 18.8 on the facing page shows that such Hopf manifolds admit flat holomorphic parabolic geometries.
Suppose that (G, X) = (P SL (n + 1, C) , P n ). We want to prove that the generic Hopf manifold does not admit a (G, X)-geometry. It suffices to prove that the generic linear map does not occur in the form ρ(ma) for some ma ∈ M A. The generic element of M A is conjugate to an element of the Cartan subgroup, having the form e H for some H in the Cartan subalgebra. But then [H, X α ] = α(H)X α for each root, so the eigenvalues of H acting on g/p = n − are constrained to be the values of roots on root vectors. If some positive root is the sum of any two other positive roots, this will force a relation between eigenvalues of H, and generically chosen eigenvalues won't fit this pattern. So if M A is dense in GL (n − ), then no positive root can be written as a sum of positive roots. So X is a compact Hermitian symmetric space. In any compact Hermitian symmetric space other than P n , the action of M A on n − preserves a quadratic form up to scaling or a tensor product structure, forcing relations among the eigenvalues. So the generic matrix in GL (n, C) appears in the M A-action on n − just when (G, X) = (P SL (n + 1, C) , P n ), i.e. the parabolic geometry is a projective connection.
Theorem 18.10. Every flat holomorphic parabolic geometry on any Hopf manifold is one of those in example 18.8 on the preceding page.
Proof. Take a Hopf manifold M = M f with a flat holomorphic parabolic geometry. By theorem 18.9 on the facing page, we can assume that f = Ad (m 0 a 0 ) for some m 0 a 0 ∈ M A. By lemma 18.2 on page 21, there is precisely one holomorphic connection on the canonical bundle of a Hopf manifold. Use it to reduce the parabolic geometry E → M to a reductive geometry E M A ⊂ E. By lemma 14.3 on page 14, on the reduction
for any α ∈ ∆ + P . It is easy to check that t = t α β is a holomorphic section of T * ⊗ T * . Lift to C n − {0}, extending by Hartogs extension theorem, and expanding into a Taylor series on C n . By f invariance, all terms in this Taylor series vanish, so ω α = 0 for all α ∈ ∆ + P . Therefore the reduction E M A ⊂ δ * G is mapped by
as an integral manifold of the Pfaffian system ω α = 0 for all α ∈ ∆ The moduli space of holomorphic parabolic geometries (or of holomorphic reductive geometries, or of flat holomorphic reductive geometries) is a complicated affine variety defined by hyperresonance conditions which we leave the reader to work out in detail; above we have determined when the moduli space is not empty. Even the dimension of the moduli space is given by elaborate hyperresonance conditions, which we also leave to the reader.
18.7. Flat Cartan connections and basins of attraction. We understand very little about the moduli space of nonparabolic geometries on Hopf manifolds, but for many nonparabolic geometries we can relate the moduli problem to a problem in dynamics. A primary Hopf manifold M f has fundamental group
A developing pair (h, δ) on a Hopf manifold has holonomy morphism h determined completely by the element h(f ), called the holonomy generator.
Example 18.11. We can generalize the concept of Hopf manifold as follows. Suppose that (G, X) is a complex homogeneous space. Pick an element o ∈ X and suppose that you can find an element g ∈ G so that g fixes o and is strictly contracting near o. Let X o be the basin of attraction of g toward o and let M g = (X o − o) /g; call M g a (G, X)-Hopf manifold, and equip M g with the obvious flat (G, X)-geometry. Clearly M g is a Hopf manifold in the usual sense just when X o is biholomorphic to C n .
Theorem 18.12. Suppose that (G, X) is a complex homogeneous space and that X is disk convex and Kähler and that G acts effectively on X. Suppose that M f is a primary Hopf manifold of complex dimension at least 2, bearing a flat holomorphic (G, X)-geometry with developing map δ : C n − 0 → X and holonomy generator h ∈ G, i.e. δ(f (z)) = h δ(z) for all z ∈ C n − 0. Then δ has a unique holomorphic extension to a holomorphic map δ : C n → X. Let o = δ(0) ∈ X and let H be the stabilizer of o, so h ∈ H. Let X o be the basin of attraction of h toward o; we have a commutative diagram of biholomorphisms
and M f is biholomorphic to M h and has isomorphic flat (G, X)-geometry. In particular, f (0) : C n → C n has the same Jordan normal form as Ad(h) : g/h → g/h.
Proof. Corollary 17.2 on page 20 gives the required extension of δ. If we apply h enough times, then every point in the basin of attraction of o is eventually mapped to any arbitrarily small neighborhood of o, and we can pick such a small neighborhood so that δ maps onto that neighborhood, since δ(0) = o and δ is a local biholomorphism. The image of δ is invariant under h and so under h −1 , so equals the basin of attraction. Suppose that δ (z) = δ (z ). Then δ (f (z)) = δ (f (z )), etc. so that we can arrange z and z to lie in some arbitrarily small neighborhood of o, in which δ is a biholomorphism, so z = z . Therefore δ is a holomorphic injection onto the basin of attraction of h.
If M f has a flat holomorphic (G, X)-geometry and (G, X) is an equivariant product G = G 1 ×G 2 , X = X 1 ×X 2 , then f (0) must have at least two Jordan blocks. Moreover, the holonomy generator h must be conjugate to a strictly contracting map of complex Euclidean space on each factor. If X = G/H and an element of H is not strictly contracting on g/h, then that element cannot be a holonomy generator of any flat holomorphic (G, X)-geometry on any Hopf manifold. The classification of flat (G, X)-geometries on Hopf manifolds, for disk convex Kähler X, reduces to the classification of the elements of G that act as a strict contractions on an open set X o ⊂ X biholomorphic to C n . For example, if (G, X) is a rational homogeneous variety, X = G/P , P = M AN , then the only elements of G which act as strictly contracting maps on open sets of X biholomorphic to C n are, up to conjugation, the elements of M A. The generic element of P , even if it is strictly contracting near o = 1 · P ∈ X, will have a basin of attraction which is not biholomorphic to C n .
Conclusion
The open problem of classifying holomorphic parabolic geometries on smooth complex projective varieties motivated the above research. In section 2 on page 2, we saw that there are new constraints which demonstrate that many complex manifolds have no parabolic geometries. I anticipate that these constraints will help to solve this open problem.
